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Abstract—A method of mean field, which is a variant of a fixed-scale renormalization group transformation
and is applied to both pure and diluted magnets, has been considered. It has been shown that for pure magnets
the method is equivalent to the Bethe approximation. The magnetization and correlations functions of both
pure and diluted-bond Ising magnets have been calculated by this method.
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1. INTRODUCTION

Investigation of phase transitions in diluted and
disordered magnets has been a subject of theoretical
and experimental works for many years [1—3]. In our
previous works [4, 5], we suggested a classification of
self-consistent method of calculating the magnetiza-
tion and critical points of pure and diluted magnets.
Yet those works, we disregarded the problem of calcu-
lating correlation functions and their behavior near
the critical point. However, is will be shown below,
some methods described in [4, 5] can be applied to
calculate spin correlations.

We consider the diluted bond Ising model. The
Hamiltonian of this model has the form

E=- ZJijc,cj— HCXZG,». (1)

Here, o, are Ising variables, which take the values +1
or —1, J; are the exchange interaction constants and
H,, is proportional to the external magnetic field. The
quantities J;; are nonzero only for the nearest neigh-
bors in the crystal lattice and for these neighbors J;;
amounts to J and zero with the probability p and 1 — p,
respectively. The probability p is the fraction of “mag-
netic” bonds in the lattice; the magnet is pure at p = 1.
The aim of this work is to apply to this model some of
the self-consistent methods described in [4, 5] and to
calculate by these methods the correlation functions
of both pure and diluted magnets.

2. MEAN-FIELD APPROXIMATION

According to [4], one of the ways of approximate
solution of the problem with Hamiltonian (1) is the
following. Let us consider a cluster consisting of #
atoms. The Hamiltonian of this cluster is

E, = —ZJUG[Gj—JZh;nGi_HeXZGi' @)

Summation in the first term of this expression is per-
formed over the pairs of atoms within the cluster,
which are the nearest neighbors. The second term in
Eq. (2) describes interaction of the cluster atoms with
their nearest neighbors outside the cluster and the
third term is for the interaction with the external field.
The exchange fields 4;, are computed for each cluster

atom by summing up the Ising variables corresponding
to the external atoms neighboring the given atom.

O;

We average the quantity over the ensemble

with Hamiltonian (2) regarding hfn as constants and
then average the resulting expression over the simulta-

neous distribution function W,,(hfn) of the exchange

fields. Having constructed a similar expression for
another cluster containing »n' # n atoms and equating
these two expressions we find

Z@—:—) exp(-BE,)
D exp(-BE,)

> (=) exn(-BE,)
S ew(BE,) |

Further calculation depends on the a particular

(o) =

approximation of the distribution function W,,(hfn ) of
the exchange fields. The simplest approximation can

be obtained setting all hfn constants equal to g,
where g; is the number of “external” neighbors of the

nth atom and p is the parameter characterizing the
magnetization, which is found from the solution of
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self-consistent equation (3). For a pure (p = 1) mag-
net, setting # = 1 and #n' = 2 we find in this approxima-
tion
M = tanh(gKp + h)
_ _ sinh(2(g— D) Kp +2h) 4)
cosh(2(g— 1)Kp +2h)+e X

Here, M = (o) is the average magnetization per lat-
tice site, K = J/kT (k is the Boltzmann constant), & =
H_/kT, and g is the coordination number of the lat-
tice. It is easily shown that approximation (4) is noth-
ing else than the Bethe approximation [6]. Indeed,
denoting x = exp(—2K) we can rewrite Eq. (4) as

ho —h 2, ~(g-1)  —2h_g-1
M= =€ x' e (x(q ) x! )

h h g 2h_—(q-1 2h g1 2K
rex X ey 4 2e
or
ho —h “K+h . K-h_g-1
e —e'x! e +e "x!
M= h —h_q’ X = K+h -K-h_q-1’ (5)
e +e x e +e X

which coincides with the solution for the Ising model
on the Bethe lattice, as quoted in [6]. That is, as far as
the calculation of the magnetization M is concerned,
approximation (4) can be regarded as a variant of the
derivation of the Bethe approximation. The Bethe
approximation can be also obtained as a solution of the
Ising problem on the Bethe lattice (tree) [6] or as a
relation between the magnetizations of the central
atom and the atom of the first coordination sphere [7].
Yet our method (4), as will be shown below, allows cal-
culating not the mere magnetization but also the cor-
relation functions of a pure and diluted Ising magnet.

3. CORRELATION FUNCTIONS

The correlation function of the neighboring spins
in approximation (4) can be found as follows. Averag-
ing the product of spin variables of the cluster atoms
over the ensemble with Hamiltonian (2) and equating

hy = hiy = (¢ — Dy we find

cosh(2(qg—1)Kp +2h)—e "

. 6)
cosh(2(¢g— )Kp+2h)+e " (

(6,0, =

The correlation function g, = {c,5,) — M?is com-

puted according to Eq. (6), in which the parameter p
is the solution of Eq. (4). This correlation function
can be also expressed in terms of K and the magneti-
zation M:

2
g, = tanhK + 2 1= (- op(4)M 7
sinh2 K
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Fig. 1. Correlation function g;, versus the parameter K =
J/kT in the external field H, = (1) 0, (2) 0.1 and 0.2.

This implies thatat M =0 (i.e.,at H,,=0and K< K_ =

%lni2 ) &, = tanh KX for any ¢ > 2. At K= K, and
q a—

H., =0, g, reaches a maximum value of 1/(g — 1). At

H,, #0, the maximum of g,,(K) is shifted to the left and

its magnitude decreases (Fig. 1).

We consider now a three-atom cluster with the
Hamiltonian

E;=-Jo,6,-J6,65-J(¢—1)u(o, + 03) )
—-J(q-2)po, - H,(o, + 0, +03).

The central spin o, of the cluster is coupled by

exchange interactions with the side spins 6, and ¢; and

is situated in the field J(g — 2)u + H., whereas each of

the side spins appears in the field j(g — 1)u + H,,. We

ot °2> . (6,0, and
(o,05) over the ensemble with Hamiltonian (8) and
find

calculate the averages (o,), <

. 2K . —-4K .
sinhx; + 2e "“sinhx, —e " sinhx;

(o9 = 2K —4K - O
coshx, +2e "“coshx, +e  coshx;
inh —4K . h
G, +03\ _ sinhx, + e "~ sinhx; (10)
2 -2K -4K ’
coshx, +2e "“coshx, + e "~ coshx;
—4K
coshx, —e ~ coshx;
(o,03) = Y = , (1)
coshx, + 2e "“coshx, +e " cosx;
“2K —4K
coshx, —2e ""coshx, +e ~ coshx,
(c105) = 5 (12)
coshx, +2e “"coshx, + e "~ cosx;
where
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x; = (3g-4)Kp+3h, x,=(9-2)Kp+h,

Xy, = gKp+h.

All four functions: (9), (10) tanh(gKu + 4) and the
right-hand side of Eq. (4) coincide with each other at
a certain nonzero (at K > K_) value of the parameter
1 = Wo. This implies that the use of one, two and three-
atom clusters in the mean-field approximation yield
the same result as the Bethe approximation.

The correlation function g, of the nearest atoms
can be calculated now from Eq. (12) with pu = p,. This
also leads to Eq. (7). The function g3 can be found
from Eq. (11). The correlation functions g;, and g;;
found this way for the one-dimensional Ising chain
(¢ =2) coincide with the solutions quoted in [6]. It can
be readily verified that the following relation holds

( 812 )2: 813 '
1-M 1-M

which allows us to suggest that the function g; for an
arbitrary ¢ has the same form as for the one-dimen-
sional chain

g = (1-M)d"™" = (1= M) exp(-Ij—il/€), (13)

S _ 81 44 € is the correlation length.

1-M  &n
We find from Eqgs. (13) and (7) the dependence of  on
K and the magnetization M

£ = —(lnﬁ)il.
1-M

where a =

(14)

The correlation length & does not diverge at the critical
point (x,, = 0, K = K_) but has a maximum value of

1/In(g — 1).

According to the group representation [8], the cor-
relation function of three neighboring spins is

83 = (0,0,03) —M(g, +83 +g23)—M3. (15)

We first consider a one-dimensional spin chain. The
average value (c,0,0;) of the product of spins situ-
ated at three neighboring sites can be calculated as [6]

TrSVSVSVV' ™’

(0,0,03) = - 5
Trv
where
K+h -K
S:(loj and V=|¢ ¢
0 _1 e—l( eK—h
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is the transfer matrix. Performing calculations as
described in [6], we find the three-body correlation
function

83 = —2Mg,s. (16)
Considering now the cluster with #» = 3 for an arbitrary
g we find similarly to Egs. (9)—(12)

- -2K . —4K .
sinhx, — 2e “"sinhx, —e " sinhx;

(610,03 = .(17)

2K —4K
coshx, +2e “"coshx, + e "~ coshx,

Calculating g,,; with the use of this expression we see
that Eq. (16) holds for an arbitrary q.

4. DILUTED BONDS

Let us consider now the diluted bond Ising model
with p # 1. By the same reasoning as in the case of a
pure magnet we find the self-consistent equation for
the magnetization M [5]

tanh(Kgpu + h) = (1 —p)tanh(K(g—1)pu + h)
sinh(2K(g—1)pu + 2h)
cosh(2K(g—1)pm+2h) + e’

M = tanh(Kgpp + h).

This equation transforms to Eq. (4) at p = 1 and has a
nonzero solution at # = 0 under the condition K> K,
where

+p e (18)

K.(p) = llnlfif.c,
2 D—D.

And p. = 1/(q — 1) is the percolation threshold of the
Bether lattice [9]. It is noteworthy that although
Egs. (18) yield the exact solution for the Ising model
on the Bethe lattice with p = 1 and the exact percola-
tion threshold p, for this lattice, they still cannot be
regarded as the exact solution of the Ising problem for
a diluted magnet on the Bethe lattice [5].

The density dependence of the magnetization at
zero temperature (K — o) and zero external field
(h =0) is knowingly [9] the probability P(p) that a cer-
tain magnetic atom belongs to an infinite cluster. This
function is found by solving the equation

19)

tanh (gpx)
= (1-p)tanh((g - 1)px) + ptan(2(g - 1)px)
P(p) = tanh(gpx).

Calculating the average value of the spin product in the
two-atom cluster we find

(o10y = (1 —p)tanhz((q_ DpuK+h)
cosh(2(q—1)pKp + 2h)—e_21< (20)

+p =3
cosh(2(g—1)pKp+2h)+e
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Fig. 2. Correlation function g, versus the density p of
magnetic bonds at (/) K=0.5, H,, =0,(2) K=0.5, H,, =
0.05,(3) K=0.7, Hy,=0,and (4) K=0.7, H,, = 0.7.

Introducing the notation y = (¢ — 1)puK + 4 in Egs.
(18) and (20) we write the expressions for the magne-

tization M and the correlation function g, = (c,0,)
— M? in the form

2K
gn = (1 —p)tanh2y +P%—M2,
cosh(2y) +e Qn
M = (1 _p)tanhy.pp%(

cosh(2y) + e’

As follow from these equations, g;, can be expressed as
a function of K, M and p independent of g, similarly to
Eq. (7). In the absence of the external magnetic field
in the temperature range K < K.

gn(p) = pgi(1) = ptanhK.

At K> K_, the dependence of g, on p is more compli-
cated (Fig. 2).

5. CONCLUSIONS

Thus, we have studied both pure and diluted-bond
Ising magnet in the mean-field approximation. As a
result of this investigation, we have drawn the follow-
ing basic conclusions:
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(1) For a pure Ising magnet, the mean-field
approximation can be regarded as a variant of the der-
ivation of the Bethe approximation. This variant is
advantageous in that the correlation functions and
correlation length (relations (7) and (14)) can be easily
found.

(2) In the present approximation, the correlation
length remains finite at the phase transition and has a
maximum at this point.

(3) In the absence of the external magnetic field,
the maximum correlation of the adjacent spins (and
the correlation length) is reached at K= K. At H,, #0,
the maximum is shifted to the left (toward lower K val-
ues) and its magnitude decreases.

(4) In the present approximation, the correlation
function g;, of a pure or diluted magnet can be
expressed as function (7) of Kand M independent of ¢
or as function (21) of K, M and p, respectively.

(5) The dependence of the correlation function g,
on the density p of magnetic bonds is linear in zero
external field in the temperature range K < K.(p) and is
shown in Fig. 2 is a more general case.
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