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Abstract—A mean-ficld method, which s a vanant of the fxed-scale renormalization group transformation
and is applied to both pure and diluted magnets, has been considered. 1t has been shown that, for pune mag-
nets, the method is equivalent to the Bethe approximation. This method has been used o ealculate ithe mag-
netization and correlation functions of both pure and bond-diluted Ising magnets.
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I INTRODUCTION

Investigation of phase (ransitions in diluted and
disordered magnets has been the subject of theoretical
and experimental waorks for many vears [ 1-3]. In our
previous works [4, 5], we suggested a classification of
seli-consistent methods for caleulating the magnetiza-
tion and critical points of pure and diluted magnets,
However, in these works, we disregarded the problem
of calculating correlation functions and their behavior
near the critical point. However, as will be shown
below, some methods deseribed in [4, 5] can be applied
(o calculate spin correlations.

We consider the bond-diluted Ising model. The
Hamilionian of this model has the form

E=-%Jo0-HY o, (1)

Here, o; are Ising variables, which take the values +1
or —1; J; are the exchange interaction constants; and
£, is praportional 1o the external magnetic field. The
quantities J; are nonzero only for the nearest neigh-
bors in the crystal lattice and for these neighbors J,
amounts o J and zero with the probability pand | — p,
respectively. The probability p is the fraction of “mag-
netic™” bonds in the lattice: the magnet is purecatp= 1.
The aim of this work is to apply to this model some of
the self-consistent methods described in [4] 1o this
maodel and. using these methods, to calculate the cor-
relation functions of both pure and diluted magnets,

2. MEAN-FIELD APPROXIMATION

According to [4), one of the ways of approximately
solving the problem with Hamiltonian (1) is the fol-
lowing. Let us consider a cluster consisting of » atoms.
The Hamiltonian of this cluster is

E, = HEJ"’G’H“JZI':"“‘_ H""‘Zﬁ" (2}

Summation in the first term of this expression is per-
formed over the pairs of atoms within the cluster,
which are the nearest neighbors. The sccond term in
Eq. (2) describes interaction of the cluster atoms with
their nearest neighbors outside the cluster, and the
third term is for the interaction with the external field,
The exchange interaction fields #, are computed for

cach cluster atom by summing up the Ising variables
cormesponding (o the external atoms neighboring with
the given atom.

L
We average the guantity —  over the ensemble
i

with Hamiltonian (2) regarding h, as constants and
then average the resulting expression over the simulta-

neous distribution function W ( !r;,,} of the exchange

interaction fields. Having constructed a  similar
expression for another cluster containing #° = # atoms
and equating these two expressions, we find

Z(E:":l exp(—BE,)
Zcxp{-[_‘-f,}

Z[LTU) exp(-BE,)
> exp(-BE,)

Further calculation depends on the particular approx-

imation of the distribution function W,,{Ir:“} of the
exchange interaction fields. The simplest approxima-

io) =

(3

tion can be obtained setting all /i, constants equal to
gbt, where g, is the number of “external™ neighbors of
the ath atom and s the parameter characterizing the
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magnetization, which is found from the solution of
self-consistent equation (3), For the pure (p = 1) mag-
net, setting # = | and ' = 2, we find in this approxima-
lion
M =tanh(gKu + &)
_ __sinh(2(g— 1)Ky + 2h) {4
cosh(2(g— DKp+ 2 +e ™

Here, M = (o) is the average magnetization per lat-
tice site, K = ST (& is the Boltzmann constant), h =
. /kT, and g is the coordination number of the lat-
tice. It is casily shown that approximation (4) is noth-
ing else than the Bethe approximation [6]. Indeed,
denoting x = exp{—=2K1), we can rewrite Eq. (4) as

P 1 i 1
M=¢—¢ A e "[_\' el e
PR W Ik -1 P Ik

e +e ' ex " Vae x4 2e
ar
L -k g ~ K+ h K-k _g-1
=g X e +¢e :
M = Eﬁ-‘ A e & n" 1’ (5)
e+ x e+ P

which coincides with the solution for the [sing model
on the Bethe latiice, as quoted in [6]). That is, as far as
the calculation of the magnetization M is concerned,
approximation (4) can be regarded as a variant of the
derivation of the Bethe approximation. The Bethe
approximation can be also obtained asa solution of the
Ising problem on the Bethe lattice (tree) [6] or as a
relation between the magnetizations of the central
atom and the atom of the first coordination sphere [ 7],
Yet our method (4), as will be shown below, allows cal-
culating not only the magnetization but also the corre-
lation functions for the pure and diluted lsing magnets.

3, CORRELATION FUNCTIONS

The correlation function of the neighboring spins
in approximation (4) can be found as follows, Averag-
ing the product of spin variables of the cluster atoms
over the ensemble with Hamiltonian (2) and equating

By = -FJ.!,, = (g = 1), we find

cash(2(g - DK +2h)—e ™*

: (6}
cosh(2(g - 1NKp +2h) +¢ "

(o) =

The correlation function g, = {(&,8,) — M* is com-
puted according to Eq. (6), in which the parameter p
is the solution of Eq. (4). This correlation function
can be also expressed in terms of K and the magneti-
Zation M.

J1-(1—exp4kM 0
sinh2 &

gy = tanh K + ad AN
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Fig. 1. Correlation function g, versus the pammeter K =
ST im external ficlkds A, = (7} 0, () (L] and (73 0.2,

This implies that st M=0{i.e..at H,=0and K= K_=

%In—q—zjl, we have g =tanh K foranyg =z 2. AL K =
e
Koand £, =0, g5 reaches a maximum value of /(g —
1). AvHf, =10, the maximum of g,( K} is shified 1o the
left and its magnitude decreases (Fig. 1).

We consider now a three-atom cluster with the
Hamiltonian

£, =-Joo,-Jo,o,-Jg- 1 ulo, +o;) ()

—HNg-uo,— H (5 + o+ a;).

The central spin o, of the cluster is coupled by
exchange interactions with the side spins o, and o, and
is situated in the field Ag = 2)u+ H,., whereas cach of
the side spins appears in the field fg = Do + . We
D'l '; ﬁ!} ; {ﬂ|ﬁz} : ﬂl'l'lj
{a,o,) over the ensemble with Hamillonian (8) and
find

calculate the averages () , (

Al AR .
sinhx, + 2e ""r~:!|:1h:4:J - dks:nh.\:_‘

Oy = =7 ¥ .9
coshx, +2e " coshy, + ¢ cosha,
i 4K -
<u, ks G_«_) < sinhx, +¢  sinha, (10)
== BT} K ¥
2 coshx, + 2¢ ““coshx, + ¢ " eoshx,
K
coshy, = e ' "coshx,
(0,63 = = —= Y
coshx, + 2e " cosha, + e 7 coshx,
-1K 4K
coshx, —2¢ " coshx, + ¢ “coshy,
(oo = - e . (12
coshx, +2¢ " coshx, +¢  cosxy
where
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